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THE RING OF SECTIONS OF A COMPLETE
SYMMETRIC VARIETY
ROCCO CHIRIVI` AND ANDREA MAFFEI
Abstract. We study the ring of sections A(X) of a complete symmet-
ric variety X, that is of the wonderful completion of G/H where G is an
adjoint semi-simple group andH is the fixed subgroup for an involutorial
automorphism of G. We find generators for Pic(X), we generalize the
PRV conjecture to complete symmetric varieties and construct a stan-
dard monomial theory for A(X) that is compatible with G orbit closures
in X. This gives a degeneration result and the rational singularityness
for A(X).
Introduction
The aim of this paper is to explicitly adapt the Littelmann standard
monomial theory for flag varieties in [12],[13] and [11], to complete symmet-
ric varieties as constructed by De Concini and Procesi in [4] in characteristic
zero and by De Concini and Springer for arbitrary characteristic in [5].
We review briefly such completions. Let G be an adjoint semi-simple
group, let H be the fixed subgroup for an involutive automorphism σ of G
and consider the affine variety G/H, called symmetric variety. De Concini
and Procesi in [4] show that there exists an irreducible representation V and
a line r of V such that the stabilizer of r is H. They define the complete
symmetric variety X as the closure of the orbit G · r in P(V ).
This compactification of G/H is a wonderful G variety in the sense of
Luna (see Proposition 1.1): X is smooth; X \G · r is a divisor with normal
crossing and smooth irreducible components S1, . . . , Sℓ; the closures of the
G orbits in X are XI = ∩i∈ISi where I ⊂ {1, . . . , ℓ}.
Many properties of these varieties have been studied. The ones interesting
for us here are the description of the Picard group of X as a sublattice of
the lattice of weights given in [4] and [5] and the description of H0(X,L)
as a G-module for all L ∈ Pic(X). In particular in [4] it is proved that
H0(X,Lαi−σ(αi)) ≃ ksi where αi is a simple root for a suitable basis of the
root system of G and si is a G invariant section whose divisor is Si.
In this paper we construct a standard monomial theory for the ring
A(X) =
⊕
L∈Pic(X)
H0(X,L).
We call this ring the ring of sections of X. One should think to this ring as
a variant of the multicone over a flag variety.
Key words and phrases. Complete symmetric variety, Picard group, PRV conjecture,
standard monomial theory, rational singularities.
The first named author was partially supported by a grant of the Department of Math-
ematics of the University of Rome “La Sapienza”.
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We give first an explicit description of a basis of Pic(X) (see Theorem
2.3). As a first application of this result we prove a generalization of the
Parthasarathy-Ranga Rao-Varadarajan conjecture (PRV) to complete sym-
metric varieties (Theorem 2.7). The motivation for this generalization is
that it should give the combinatorial side of the surjectivity of the multipli-
cation map H0(X,L)⊗H0(X,L′)→ H0(X,L ⊗ L′). In the so-called group
case, i.e. the involution σ : G × G → G × G with σ(g1, g2) = (g2, g1), the
surjectivity has been proved by Kannan in [8] but in general this remains
an open problem.
Then we pass to the construction of a standard monomial theory for the
ring A(X). Let P be the parabolic subgroup of G such that G/P is the
unique closed orbit in X. Given an LS path π of shape λ ∈ Pic+(G/P ),
Littelmann defines a section pπ in H
0(G/P,Lλ). We lift pπ to a section
xπ over X taking into account the description of H
0(X,Lλ). The building
blocks of our monomials are given by the sections xπ, where π runs over LS
paths of shape θ for θ generator of Pic(X), and by the sections s1, . . . , sℓ.
Then we define a notion of standardness for these monomials and introduce
a variant of the lexicographic order. Our standard monomial theory strictly
mimes that of G/P , indeed the relations are the same up to “bigger” terms
that vanish “more” on the divisors S1, . . . , Sℓ (Theorem 3.3). Further this
standard monomial theory is compatible with the G orbit closures (Corollary
3.4).
As a consequence of this standard monomial theory we construct a flat de-
formation that degenerates A(X) to A˜(G/P )⊗k[s1, . . . , sℓ], where A˜(G/P )
is the coordinate ring of a multicone over G/P corresponding to the sub-
lattice Pic(X) of Pic(G/P ). So we use this to prove that A(X) has ra-
tional singularities. Moreover if we fix a line bundle L then also the ring
AL = ⊕nH
0(X,L⊗n) has rational singularities. This is well known and we
have included it here since it was impossible for us to find it in the literature.
Although in all this paper we take k to have characteristic zero, all the
results are valid in every characteristic except the rational singularityness
proofs that use the flat degeneration and the quotient by a reductive group
to pass from A(G/P ) to A(X).
The paper is organized as follows. In Section 1 we recall all preliminaries
results about complete symmetric varieties to be used in the sequel. In
Section 2 we see the description of the generators of the Picard group of a
symmetric variety giving the application to the PRV for symmetric varieties.
Finally in Section 3, after a short review of Littelmann LS paths and related
results, we construct our standard monomial theory. We finish the section
proving the degeneration result and showing that the ring A(X) and the
cone ring AL(X) have rational singularities.
The authors would like to thank C. De Concini who suggested us to work
on a standard monomial theory for the ring A(X). We want also to thank
him for many useful conversations on this problem.
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1. Preliminary Results on Complete Symmetric Varieties
In this section we collect all preliminary results for the sequel setting up
notation and reviewing the construction of the wonderful compactification
of G/H (for details see [4] and [5]).
Let G be an adjoint semi-simple group defined over an algebraically closed
field k of characteristic zero, and let σ be an involutorial automorphism of
G. Denote by H the subgroup of fixed points of σ in G. The involution σ
induces a linear map, still denoted by σ, on the Lie algebra g of the group
G. We denote by h the Lie algebra of the reductive group H; notice that
h is exactly the +1 eigenspace of σ on g. If T is a σ stable torus of G and
t its Lie algebra, we decompose t as t0 ⊕ t1 with t0 the +1 eigenspace of σ
and t1 the −1 eigenspace. Notice that t0 is the Lie algebra of T
σ while t1
is the Lie algebra of the torus T1 = {t ∈ T | σ(t) = t
−1}; we call this latter
torus anisotropic. Recall that any σ stable torus is contained in a maximal
torus of G which is itself σ stable. We fix such a σ stable maximal torus T
for which dimT1 is maximal and denote this dimension by ℓ, calling it the
rank of the symmetric variety G/H.
Now let Φ ⊂ t∗ be the root system of g and denote still by σ the induced
map on t∗. Observe that σ preserves the killing form on t and on t∗. Let
Φ0 = {α ∈ Φ | σ(α) = α} and Φ1 = Φ\Φ0. We can choose the set of positive
roots Φ+ in such a way that σ(α) ∈ Φ− for all root α ∈ Φ+ ∩Φ1. Let ∆ be
the basis defined by Φ+ and put ∆0 = ∆ ∩Φ0, ∆1 = ∆ ∩Φ1. The action of
the involution σ on the set of roots admits the following descriptions. There
exists an involutive bijection σ : ∆1 → ∆1 such that for every α ∈ ∆1 we
have
σ(α) = −σ(α) − βα
where βα is a non negative linear combination of roots in ∆0, moreover
βσ(α) = βα. Further σ(α) = −w∆0σ(α) if α ∈ ∆1, where w∆0 is the longest
element of the Weyl group of the root system with base ∆0.
We introduce here a particular behavior of a simple root: we say that
α ∈ ∆1 is an exceptional root if σ(α) 6= α and (α, σ(α)) 6= 0, where (·, ·)
is the Killing form. Notice that σ(α) is exceptional if α is. Moreover the
compactification X we are going to construct below is said to be exceptional
if there exist exceptional roots.
Denote by Λ ⊂ t∗ the set of integral weights of Φ; clearly σ acts also on
this set. Let Λ+ be the set of dominant weights with respect to ∆ and let
ωα be the fundamental weight dual to the simple coroot α
∨ for α ∈ ∆. A
simple computation, using the σ invariance of the Killing form, shows that
σ(ωα) = −ωσ(α)
for every α ∈ ∆1. Moreover any integral weight λ such that σ(λ) = −λ is
of the form
λ =
∑
α∈∆1
nαωα
with integer coefficients such that nα = nσ(α); we denote by Λ1 the set of
such weights that we call special. Further if nα 6= 0 for every root α ∈ ∆1
then we say that the special weight λ is regular.
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Other notation we will use. We index ∆ as α1, . . . , αn and we denote by
ωi the fundamental weight ωαi . Moreover we define a map σ on the set of
indeces {1, . . . , n} in such a way that σ(αi) = ασ(i) if αi ∈ ∆1 and σ(i) = i
if αi ∈ ∆0. So we can write the action of σ on the fundamental weights of
∆1 simply as σ(ωi) = −ωσ(i).
Now we come to the basic construction of the compactification of G/H.
Consider a simply connected covering π : G˜ → G and the induced involu-
torial automorphism σ : G˜ → G˜. For a subgroup A of G we denote by A˜
the subgroup π−1(A) of G˜. Notice that H˜ = π−1(H) contains (H˜)0 = (G˜)σ,
the fixed point group in G˜, as the identity component. If V is a G˜ module,
we define the σ twisted G˜ module V σ as the vector space V with action
g · v = σ(g)v. Notice that if λ is a dominant special weight then the dual of
the irreducible G˜ module of highest weight λ is isomorphic to V σλ . Let hλ
be such isomorphism considered as an element of Vλ ⊗ Vλ. Notice that G
acts on the projective space over any G˜ module.
Assume now that λ is a regular special dominant weight. In [4] it is proved
that: (i) the stabilizer of the line khλ in G˜ is H˜ and (ii) the stabilizer of the
line khλ in G is H.
Consider the G˜ decomposition V2λ ⊕ V
′ of the tensor product Vλ ⊗ Vλ,
where V ′ is sum of highest weight modules Vµ with µ < λ in the dominant
order, and let p : V2λ ⊕ V
′ → V2λ be the G˜ equivariant projection. Notice
that p(hλ) is non zero and let rλ be its class in P(V2λ). Now we define the
compactification X of G/H as the closure in P(V2λ) of the orbit G · rλ. Let
P be the parabolic subgroup of G stabilizing the line kvλ ∈ P(Vλ) spanned
by a heighest weight vector vλ. The following proposition from [4] describes
the structure of the compactification.
Proposition 1.1. (Theorem 3.1 in [4])
1) X is a smooth projective G variety;
2)X \ G · rλ is a divisor with normal crossing and smooth irreducible com-
ponents S1, . . . , Sℓ;
3) the G orbits of X correspond to the subsets of the indexes 1, 2, . . . , ℓ
so that the orbit closures are the intersections Si1 ∩ Si2 ∩ · · · ∩ Sik , with
1 ≤ i1, . . . , ik ≤ ℓ.
So X is a wonderful G variety in the sense of Luna. Moreover
4) the unique closed orbit Y
.
= ∩ℓi=1Si is isomorphic to the flag variety G/P ;
5) X is independent on the choice of the regular special weight λ up to G
equivariant isomorphism.
We go on constructing some line bundles on the variety X. Let λ be
a dominant weight of g such that P(Vλ) contains a line r invariant for H˜.
Consider the map
G/H ∋ gH 7→ g · r ∈ P(Vλ).
One can show that this induces a projection
ψλ : X → P(Vλ).
Now let O(1) be the tautological line bundle on P(Vλ) and define the line
bundle Lλ on X as ψ
∗
λO(1). If we restrict Lλ on G/P ≃ G˜/P˜ ≃ Y →֒ X we
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have the usual line bundle G˜×P˜ k−λ corresponding to λ in the identification
of Pic(G˜/P˜ ) with a sublattice of the weight lattice Λ. Moreover we have
Proposition 1.2. (Proposition 8.1 in [4]) The map Pic(X) → Pic(Y ) in-
duced by the inclusion is injective.
So we can identify Pic(X) with a sublattice of the weight lattice. Further
the line bundles constructed above account for all line bundles since we have
Proposition 1.3. (Lemma 4.6 in [5]) Pic(X) corresponds to the lattice gen-
erated by the dominant weights λ such that P(Vλ)
H˜ is non void.
We come to the analysis of such weights. Call a dominant weight λ
spherical if V H˜
0
λ 6= 0. It is easy to see that a spherical weight must be special.
On the contrary the double of any dominant special weight is spherical.
Moreover if H˜0 has no non trivial characters then Pic(X) ∩ Λ+ is exactly
the set of spherical weights. In general we have
Proposition 1.4. (Theorem 4.8 in [5]) Pic(X) is generated by the spherical
weights and the fundamental weights corresponding to the exceptional roots.
We recall a characterization of the spherical weights due to Helgason (see
[7], [17] or [18]). For a root α let α be its restriction to t1. Then
Proposition 1.5. (Theorem 3 in [18]) A weight is spherical if and only if it
is special and (µ, α)/(α,α) is an integer for all root α such that (α,α) 6= 0.
Now we introduce a filtration on the spaces of global sections H0(X,Lλ)
by the order of vanishing on the G stable divisors S1, . . . , Sℓ. For a root α
define α˜
.
= α−σ(α) and notice that the set ∆1 = {α1, . . . , αℓ, αℓ+1, . . . , αr}
can be indexed in such a way that α˜i = αi−σ(αi) are different for i = 1, . . . , ℓ
(and ∆˜ = ∆˜1 = {α˜1, . . . , α˜ℓ}). Then, up to reindexing the G stable divisors,
we have
Proposition 1.6. (Corollary 8.2 in [4]) There exists a unique up to scalar
G invariant section si ∈ H
0(X,Lα˜i) whose divisor is Si.
For a ℓ-tuple n = (n1, · · · , nℓ) of non negative integers, the multiplication
by sn
.
= Πis
ni
i gives a linear map
H0(X,Lλ−
∑
niα˜i)→ H
0(X,Lλ).
Let Fλ(n) be the image of this map. We order N
ℓ by setting (n1, . . . , nℓ) ≥
(n′1, . . . , n
′
ℓ) if ni ≥ n
′
i for i = 1, . . . , ℓ. Clearly Fλ(n
′) ⊂ Fλ(n) if and only
if n′ ≥ n. We have the following theorem
Proposition 1.7. (Theorem 5.10 in [4]) Let λ ∈ Pic(X). If λ−
∑
niα˜i is
dominant, then
Fλ(n)/(
∑
n
′>n
Fλ(n
′)) = H0(G/P,Lλ−
∑
niα˜i).
Otherwise both sides are 0. In particular H0(X,Lλ) 6= 0 if and only if there
exists a dominant weight µ and a ℓ-tuple of non negative integers (n1, . . . , nℓ)
such that λ = µ+
∑
niα˜i.
As a direct consequence we have
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Corollary 1.8. Let λ be a dominant weight in Pic(X). Then the map
H0(X,Lλ)→ H
0(G/P,Lλ)
induced by inclusion, is surjective.
We finish this review of preliminary results introducing the restricted
root system. The results we state here are proved in [16]. Denote by Φ˜
the set {α˜ | α ∈ Φ}. This is a root system in the space E1
.
= Λ1 ⊗ R
with base ∆˜ = {α˜1, . . . , α˜ℓ}. We call its Weyl group W˜ the restricted
Weyl group. Consider the following subgroups of the Weyl group W of g,
W0 = {w ∈W | w(E1) ⊂ E1} and W1 = {w ∈W | w|E1 = IdE1}. Then
Proposition 1.9. (Lemma 4.1 in [16]) The restriction map W0 ∋ w 7→
w|E1 ∈ EndR(E1) induces an isomorphism of W0/W1 with the Weyl group
W˜ of the root system Φ˜.
Let Ω1 = {µ ∈ Λ1 | µ is integral on Φ˜
∨} and notice that Ω1 can be
identified with the set of integral weights of the root system (Φ˜, E1).
2. The Spherical Weights and the PRV Conjecture
In this section we complete the description of the spherical weights. Us-
ing this description we prove a version of the Parthasaraty-Ranga Rao-
Varadarajan conjecture (PRV) for complete symmetric varieties. We begin
with two preliminary lemmas.
Lemma 2.1. If λ is a dominant weight in the lattice generated by the spher-
ical weights then λ is spherical.
Proof. This is clear from the Helgason criterion in Proposition 1.5.
Lemma 2.2. Let α ∈ ∆1 be an exceptional root. Then 〈σ(α), α
∨〉 = 1.
Proof. We have that σ(α) is not supported in α since σ(α) = −w∆0σ(α)
and σ(α) 6= α. Hence (σ(α), α) ≥ 0.
We know that |〈σ(α), α∨〉| = |2(σ(α), α)/(α,α)| 6= 2 since σ preserves the
Killing form. Moreover (σ(α), α) 6= 0, σ(α) 6= −α being α exceptional, so
〈σ(α), α∨〉 = ±1 and by (σ(α), α) ≥ 0 we conclude 〈σ(α), α∨〉 = 1.
The following theorem gives a new description of the spherical weights. (Re-
call that we have indexed the set ∆1 in such a way that αi−σ(αi) are different
for i = 1, . . . , ℓ.)
Theorem 2.3. The lattice generated by the spherical weights is the lattice
Ω1 of integral weights of Φ˜. Moreover if we set:
ω˜i =


ωi if σ(i) = i, σ(αi) 6= −αi,
2ωi if σ(αi) = −αi,
ωi + ωσ(i) if σ(i) 6= i.
then Ω1 is generated by ω˜1, . . . , ω˜ℓ and 〈ω˜i, α˜
∨
j 〉 = ciδi,j with ci = 1 if 2α˜i 6∈ Φ˜
and ci = 2 otherwise. In particular if Φ˜ is reduced then ω˜1, . . . , ω˜ℓ are the
fundamental weights dual to α˜∨1 , . . . , α˜
∨
ℓ .
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Proof. In order to describe the spherical weights we use the Helgason cri-
terion in Proposition 1.5. For each root α ∈ Φ such that (α,α) 6= 0 we
have
(µ, α)
(α,α)
=
2(µ, α˜)
(α˜, α˜)
= 〈µ, α˜∨〉
since α = 12 α˜. The first claim follows.
Now let cα
.
= 2−〈σ(α), α∨〉 for α ∈ Φ. Observe that cα is a non negative
integer less or equal to 4 since σ preserves the Killing form. Moreover cα = 0
if and only if σ(α) = α, and cα = 4 if and only if σ(α) = −α. Hence, in
particular, (α,α) 6= 0 implies cα 6= 0.
Fix a root α such that (α,α) 6= 0 and let µ be a special dominant weight.
We have
(µ, α)
(α,α)
=
2〈µ, α∨〉
cα
.
In [4] it is proved that 2µ is a spherical weight (see also the discussion above
Proposition 1.1). So (µ, α)/(α,α) = a/2 with a ∈ Z, hence we have the
integral equality 4〈µ, α∨〉 = acα.
There are two cases: (i) σ(α) 6= −α, so 4 ∤ cα, hence 2|a and (µ, α)/(α,α) ∈
Z or (ii) σ(α) = −α, in this case cα = 4 and (µ, α)/(α,α) ∈ Z if and only if
〈µ, α∨〉 ∈ 2Z.
Being Φ˜ a root system and using the first statement of the theorem, it
follows that a special weight µ is spherical if and only if, for i = 1, . . . , ℓ, we
have {
〈µ, α˜∨i 〉 ∈ Z if 2α˜i 6∈ Φ˜,
〈µ, (2α˜i)
∨〉 ∈ Z if 2α˜i ∈ Φ˜,
since ∆˜ is a base for Φ˜.
If we assume that Φ˜ is reduced then the description of the generators of
Ω1 follows from the above discussion. So let Φ˜ be non reduced. We can
suppose that Φ˜ is irreducible; it follows that Φ˜ is of type BCℓ.
First we consider the case of X exceptional and let α
.
= αi be an excep-
tional root. We have
β
.
= −sασ(α) = −σ(α) + 〈σ(α), α
∨〉α = −σ(α) + α
by Lemma 2.2. Observe that β˜ = 2α˜. So α˜ is the unique simple root in BCℓ
such that 2α˜ ∈ Φ˜. Let µ
.
= ωi + ωσ(i), we have
〈µ, (2α˜)∨〉 =
(µ, 2α)
(2α, 2α)
=
1
2
(µ, α)
(α,α)
=
=
〈µ, α∨i 〉
cα
= 〈µ, α∨i 〉 = 1,
using again Lemma 2.2. Hence the result about Ω1 holds also in this case.
If X is non exceptional (and Φ˜ is non reduced) then the involution is
described, up to isomorphism, by one of the following two Satake diagrams
Bn •
1
◦
2
•
3
◦
4
•
2ℓ−1
... ◦
2ℓ
•
2ℓ+1
•
n−1
... •
n
> ℓ≤ 1
2
(n−1)
F4 ◦
1
•
2
•
3
< •
4
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In the first case we have
σ(αi) =


−αi − (αi−1 + αi+1) if 2|i and i < 2ℓ,
−α2ℓ − (α2ℓ−1 + 2α2ℓ+1 + · · ·+ 2αn−1 + αn) if i = 2ℓ,
αi otherwise.
Since 〈σ(α2ℓ), α
∨
2ℓ〉 = 1 we have: (i) sα2ℓσ(α2ℓ) = σ(α2ℓ)−α2ℓ, (ii) (α˜2ℓ, α˜2ℓ) =
(α2ℓ, α2ℓ). Hence α2ℓ is the unique simple root such that α˜2ℓ, 2α˜2ℓ ∈ Φ˜ and
〈ω2ℓ, (2α˜2ℓ)
∨〉 =
(ω2ℓ, α˜2ℓ)
(α˜2ℓ, α˜2ℓ)
=
(ω2ℓ, α2ℓ − σ(α2ℓ))
(α2ℓ, α2ℓ)
=
= 〈ω2ℓ, α
∨
2ℓ〉 = 1.
So the claimed description of Ω1 is proved.
In the second case we have
σ(αi) =
{
−α1 − (3α2 + 2α3 + α4) if i = 1,
αi otherwise.
Since 〈σ(α1), α
∨
1 〉 = 1 we conclude as in the previous case.
Corollary 2.4. 1) The set Ω+1 of integral weights of Φ˜ that are dominant
with respect to ∆˜ is Λ+ ∩ Ω1;
2) there exists a Z basis θ1, . . . , θr for Pic(X) that is a N basis for the
cone Pic+(X); moreover any θi is of the following three kind: wj or 2wj or
wj + wσ(j) for some 1 ≤ j ≤ n.
Proof. It follows from the formula for the weights ω˜i given in Theorem 2.3
above and from Proposition 1.4.
We introduce a new order on the set of weights. Given two integral weights
µ, λ ∈ Λ we write µ ≤σ λ if µ = λ − α˜ for some α˜ ∈ ∆˜N, where ∆˜N is the
positive cone over ∆˜.
Let λ ∈ Pic+(X). Using the order ≤σ above and Proposition 1.7 we can
decompose H0(X,Lλ) as
H0(X,Lλ) = ⊕V
∗
µ ,
where the sum runs over the dominant weights µ such that µ ≤σ λ. Now
recall the PRV conjecture proved independently in [10] and [14].
Proposition 2.5. Let λ and µ be two dominant weights and let τ, ǫ be two
elements in the Weyl group. If ν = τ(λ) + ǫ(µ) is dominant then the mod-
ule Vν appears in the decomposition into irreducible modules of the tensor
product Vλ ⊗ Vµ.
A usefull consequence is the following
Proposition 2.6. (Lemma 3.2 in [8]) Let ν, λ, µ be dominant weights such
that ν ≤ λ+µ. Then there exist dominant weights λ′, µ′ such that (i) λ′ ≤ λ,
µ′ ≤ µ and (ii) Vν appears in the decomposition of Vλ′ ⊗ Vµ′ .
We want to prove the following generalization for symmetric varieties
Theorem 2.7. If ν, λ, µ ∈ Ω+1 and ν ≤σ λ+µ, then there exist two weights
λ′, µ′ ∈ Ω+1 such that (i) λ
′ ≤σ λ, µ
′ ≤σ µ and (ii) Vν appears in the
decomposition of Vλ′ ⊗ Vµ′ .
THE RING OF SECTIONS OF A COMPLETE SYMMETRIC VARIETY 9
Proof. For η ∈ t∗ we denote by [η]W the unique element of the dominant
Weyl chamber in the orbit W · η. For η ∈ t∗1 we define analogously [η]W˜
using the root system (Φ˜, E1). We observe that if η ∈ t
∗
1 then [η]W = [η]W˜
since by Proposition 1.9 we have W˜ ·η ⊂W ·η and since the dominant Weyl
chamber of Φ˜ is contained in the dominant Weyl chamber of Φ by Corollary
2.4.
Assume that Φ˜ is reduced and let K be a simply connected group with
root system Φ˜. Notice that the set Ω+1 is the set of dominant integral weights
of K and ≤σ is the dominant order for K. For η ∈ Ω
+
1 let Ωη be the set of
weights of the irreducible K module V˜η of highest weight η.
We have ν ∈ Ωλ+µ since ν ≤σ λ+ µ and ν, λ, µ ∈ Ω
+
1 . Consider now the
K equivariant projection
V˜λ ⊗ V˜µ ։ V˜λ+µ.
We have that there exist weights λ ∈ Ωλ, µ ∈ Ωµ such that ν = λ + µ. In
particular λ − λ ∈ ∆˜N, µ − µ ∈ ∆˜N. Let λ
′ .= [λ]W , µ
′ .= [µ]W and notice
that λ′, µ′ ∈ Ω+1 by the remark at the beginning of the proof. Moreover
λ′ − λ, µ′ − µ ∈ ∆˜N since λ, µ are integral weights. So λ− λ
′, µ − µ′ ∈ ∆˜Z.
Further λ′ ≤ λ, µ′ ≤ µ since λ′ ∈ Ωλ, µ
′ ∈ Ωµ. We conclude λ
′ ≤σ λ,
µ′ ≤σ µ. This shows also λ
′, µ′ ∈ Ω+1 . Finally Vν appears in Vλ′ ⊗ Vµ′ using
the PRV (Proposition 2.5).
Assume now that Φ˜ is non reduced and Φ˜ is irreducible (without loss of
generality); so Φ˜ is of type BCℓ. The proof given above still holds with the
following remarks: (i) choose K of type Bℓ ⊂ BCℓ and notice that ≤σ is the
dominant order for Bℓ; (ii) Ω
+
1 is strictly contained in the set of dominant
integral weights of K and (iii) if η ∈ Ω+1 and ζ ≤σ η then η ∈ Ω
+
1 .
As an application to symmetric varieties we have
Corollary 2.8. Let X be a non exceptional complete symmetric variety and
let λ, µ ∈ Pic+(X). Consider the multiplication map
H0(X,Lλ)⊗H
0(X,Lµ)→ H
0(X,Lλ+µ).
Then if V ∗ν appears in the right hand side as a direct summand then it
appears in the left hand side too.
Proof. Follows from Theorem 2.7 above and Proposition 1.4.
3. The Standard Monomial Theory
We begin this section with a short review of Littelmann path basis theory,
for details see [12],[13] and [11]. Denote by Π the set of piecewise linear paths
π : [0, 1]Q → Λ⊗Q starting in 0. Let Π
+ be the set of path π ∈ Π such that
Imπ is contained in the dominant Weyl chamber. For α ∈ ∆ let eα, fα be
the root operators associated with α. We can associate a coloured directed
graph G(B) to any subset B of Π by joining two paths π1, π2 ∈ B with an
arrow π1
α //π2 if fα(π1) = π2.
Now let λ ∈ Λ+ and choose π ∈ Π+ such that π(1) = λ, then the path
model associated with π is the set Bπ of paths obtained from π by applying
the root operators, i.e., Bπ∪{0} is the smallest subset of Π∪{0} that contains
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π and is closed under the root operators eα, fα. The path model describes
the character of the G˜ module Vλ, indeed we have ch Vλ =
∑
η∈Bπ
eη(1).
In particular if we start with πλ : t 7→ tλ then Bλ
.
= Bπλ is the set of
Lakshmibai-Seshadri paths (LS paths) of shape λ. This path model has
a simple combinatorial description in terms of poset with bonds (see [2],
[3]). Let Wλ be the stabilizer of λ in the Weyl group W and consider the
set of minimal representatives W λ. Given two adjacent elements τ1 < sατ2
in W λ, where α ∈ ∆, one can define a positive integer value function fλ
as fλ(τ1, τ2) = 〈τ1(λ), α
∨〉. Further given a complete chain τ1 < · · · < τu
in W λ we have that gcd{fλ(τ1, τ2), . . . , fλ(τu−1, τu)} depends only on the
pair τ1, τu; so one can extend fλ to comparable pairs defining fλ(τ1, τu) =
gcd{fλ(τ1, τ2), . . . , fλ(τu−1, τu)}. The data (W
λ,≤, fλ) is called a poset with
bonds.
Then the set Bλ of LS paths of shape λ is in bijection with the set of
pairs (τ1 < · · · < τu; 0 = a0 < a1 < · · · < au−1 < au = 1) such that
aifλ(τi, τi+1) ∈ N for i = 1, . . . , u − 1. Now let Nλ be the least common
multiple of the image fλ(W
λ) and consider the set W of words in the al-
phabet W . We define the word w(π) ∈ W of an LS path π = (τ1 < · · · <
τu; 0 = a0 < a1 < · · · < au = 1) as w(π) = τ
Nλ(a1−a0)
1 · · · τ
Nλ(au−au−1)
u .
Now let λ1, . . . , λr be dominant weights and call formal monomial any
string π1 · · · πr with πi ∈ Bλi for i = 1, . . . , r. In order to introduce
a variant of the lexicographic order, we extend the word to monomials
defining w(π1 · · · πu) = w(π1) · · ·w(πu) using juxtaposition of words in W.
Given two monomials π1 · · · πr, η1 · · · ηr we define π1 · · · πr ≤ η1 · · · ηr if
w(π1 · · · πr)≤lex τ1(w(η1)) · · · τr(w(ηr)) for all permutations (τ1, . . . , τr) in
the subgroup SNλ1 × · · · × SNλr of the symmetric group SNλ1+···+Nλr on
Nλ1 + · · · + Nλr symbols acting in the natural way on words of length
Nλ1 + · · ·+Nλr .
Consider the set Bλ1 ∗ · · · ∗ Bλr of concatenations of LS paths of shapes
λ1, . . . , λr and notice that it is stable under the root operators. Define
G(λ1, . . . , λr) as the connected component of the graph G(Bλ1 ∗ · · · ∗ Bλr)
containing πλ1 ∗ · · · ∗ πλr ; let λ
.
= λ1 + · · · + λr and recall that the map
πλ1 ∗ · · · ∗ πλr 7→ πλ extends to an isomorphism of graphs G(λ1, . . . , λr) →
G(Bλ). Now given a formal LS path monomial π1 · · · πr we call it standard
if π1 ∗ · · · ∗ πr ∈ G(λ1, . . . λr). It is then clear that the number of formal
standard monomial π1 · · · πr is given by |G(λ1, . . . , λr)| = |Bλ| = dimVλ.
This machinery has another key feature for our purpose. Let λ1, . . . , λr
be dominant weights such that the lattice Ψ
.
= 〈λ1, . . . , λr〉Z has rank r
and let Q be the parabolic subgroup Pλ1+···+λr of G. Consider the ring
AΨ(G/Q)
.
= ⊕λ∈ΨH
0(G/Q,Lλ). Let λ ∈ Ψ∩Λ
+ and recall that Littelmann
associates a section pπ ∈ H
0(G/Q,Lλ) to an LS path π ∈ Bλ. These sections
have very remarkable properties and they give a standard monomial theory
for AΨ(G/Q). Let π1, . . . , πu be LS paths with πi ∈ Bλhi and h1 ≤ · · · ≤ hu,
and call a monomial pπ1 · · · pπu standard if π1 · · · πu is a standard formal
monomial, further we define the shape of the monomial pπ1 · · · pπu as λh1 +
· · ·+ λhu . Then one has
Proposition 3.1. 1) The standard monomials of shape λ forms a k basis
for H0(G/Q,Lλ);
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2) if pπ1 · · · pπu =
∑
h ahpηh,1 · · · pηh,u express the non standard monomial
pπ1 · · · pπu in terms of standard monomials with ah 6= 0 then ηh,1 · · · ηh,u ≤
π1 · · · πu for all h.
We will refer to the expressions in 2) of Proposition 3.1 above as the
Littelmann relations.
We are ready to develop our standard monomial theory. First a definition,
for a variety Z let A(Z) denote the ring ⊕L∈Pic(Z)H
0(Z,L) that we call the
ring of sections of Z. Now let X be a complete symmetric variety and let
θ1, . . . , θr be the Z basis for Pic(X) as in Corollary 2.4. Let Bi
.
= Bθi be the
LS path basis of shape θi described above for i = 1, . . . , r. For an LS path
π ∈ Bi it is possible, according to Proposition 1.7, to choose xπ ∈ H
0(X,Lθi)
such that xπ|G/P = pπ.
Lemma 3.2. The sections xπ for π ∈ B1 ⊔ · · · ⊔ Br and the sections si ∈
H0(X,Lα˜i) for i = 1, . . . , ℓ generate A(X).
Proof. Let A′(X) be the k subalgebra generated by the sections in the state-
ment. By Proposition 1.7 it is enough to show that for each dominant
λ ∈ Pic(X) the submodule V ∗λ ⊂ H
0(X,Lλ) is contained in A
′(X).
For a weight λ = a1θ1 + · · ·+ arθr let htλ
.
=
∑
i ai. We use induction on
htλ. If htλ = 0 then λ = 0 and H0(X,Lλ) ≃ k · 1. So suppose htλ > 0.
Hence there exists a dominant weight λ′ and 1 ≤ i ≤ r such that λ = λ′+θi.
Consider the following commutative diagram where the horizontal maps are
H0(X,Lλ′)⊗H
0(X,Lθi)
// H0(X,Lλ)
V ∗λ′ ⊗ V
∗
θi
?
OO
// // V ∗λ
?
OO
induced by multiplication. Notice that the lower horizontal map is surjective
by G˜ equivariance. This finish the proof since htλ′ < htλ.
A generic monomial in the generators can be written in the form
x = sn11 · · · s
nℓ
ℓ xπ1 · · · xπu
with πi ∈ Bhi and h1 ≤ · · · ≤ hu. For such a monomial x we define the
order of vanishing as v(x)
.
= (n1, . . . , nℓ), the shape as λ(x)
.
=
∑ℓ
i=1 niα˜i +∑h
j=1 θhj and the flag shape as µ(x)
.
= λ(x) where x
.
= s−v(x)x. Notice that
x ∈ Fλ(x)(v(x)) ⊂ H
0(X,Lλ(x)) and that µ(x) ∈ Λ
+.
We define the setM of standard monomials for X as the set of monomials
x = sn11 · · · s
nℓ
ℓ xπ1 · · · xπu as above such that π1 · · · πu is a formal LS standard
monomial. Further we denote by Mλ the set of standard monomials x
such that λ(x) = λ. Given two monomials x = sn11 · · · s
nℓ
ℓ xπ1 · · · xπu and
y = sm11 · · · s
mℓ
ℓ xη1 · · · xηv with the same shape we write x ≤ y if v(x) < v(y)
or v(x) = v(y) and π1 · · · πu ≤ η1 · · · ηv.
Finally let A(X) be the polynomial ring with indeterminates s1, . . . , sℓ
and xπ with π ∈ B1 ⊔ · · · ⊔ Br. Clearly A(X) is isomorphic to a quotient of
A(X)/I for some ideal I ⊂ A(X).
The main result of our standard monomial theory is the following
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Theorem 3.3. 1) The set Mλ is a k basis for H
0(X,Lλ);
2) given monomials x1, . . . , xt ∈ M, let x1 · · · xt =
∑
azz with z ∈ M be
the relation guaranteed by 1). Then for any standard monomial z such that
az 6= 0 we have x1 · · · xt ≤ z. Moreover x1 · · · xt =
∑
azz with v(z) =
v(x) + v(y) is the Littelmann relation for a multicone over G/P ;
3) the ideal I is generated by the relation in 2) for t = 2 and x = xπ1,
x2 = xπ2 with π1, π2 ∈ B1 ⊔ · · · ⊔ Br and xπ1xπ2 not standard.
Proof. We prove the three statements together.
First notice that a section in A(X) vanishing on G/P is in the ideal
generated by s1, . . . , sℓ since the divisor S1, . . . , Sℓ are smooth and normal
crossing.
If π1, π2 ∈ B1⊔· · ·⊔Br are two LS paths such that xπ1xπ2 is not standard,
consider the Littelmann relation
pπ1pπ2 =
∑
h
ahpηh,1pηh,2
on G/P . Then xπ1xπ2 −
∑
h ahxηh,1xηh,2 vanishes on G/P , hence
xπ1xπ2 =
∑
h
ahxηh,1xηh,2 +
∑
v(z)>0
azz
where in the second sum the z’s are (not necessarily standard) monomials.
Consider the Λ homogeneous element
fπ1,π2
.
= xπ1xπ2 −
∑
h
ahxηh,1xηh,2 −
∑
v(z)>0
azz
in A(X) and let J be the ideal generated by the various fπ1,π2 with xπ1xπ2
not standard as above. We want to show that M generates A(X)/J as a
vector space.
Let x
.
= sn11 · · · s
nℓ
ℓ xπ1 · · · xπu be a not standard monomial (so u ≥ 2). We
proceed by induction on the flag shape of x with respect to the order ≤σ.
Observe thatA(X)/(〈s1, . . . sℓ〉+J) is isomorphic to the coordinate ring of
a multicone over G/P since the relations on sections over G/P are generated
by the relations of degree 2 (Proposition 2 in [9]). Hence xπ1 · · · xπu +
〈s1, . . . , sℓ〉 is a sum of standard monomials in the xπ. So in A(X)/J we
have xπ1 · · · xπu =
∑
z∈M azz + s1y1 + · · ·+ sℓyℓ, where y1, . . . , yℓ are sums
of monomials with flag shape <σ of the flag shape of x.
Now consider the Λ homogeneous projection φ : A(X)/J → A(X).
We want to show that φ is an isomorphism. It is enough to prove that
dim(A(X)/J)λ ≤ dim(A(X))λ for each λ, since φ is clearly surjective. We
have dim(A(X)/J)λ ≤ |Mλ|. On the other hand (A(X))λ = H
0(X,Lλ) =
⊕V ∗µ with µ ≤σ λ, µ dominant. So dim(A(X))λ =
∑
µ≤σλ, µ∈Λ+
dimV ∗µ =∑
µ≤σλ, µ∈Λ+
|Bπµ |. If µ = a1θ1 + · · ·+ arθr then
|Bµ| = |G(θ1, . . . , θ1︸ ︷︷ ︸
a1
, . . . , θr, . . . , θr︸ ︷︷ ︸
ar
)|
and we conclude
∑
µ≤σλ, µ∈Λ+
|Bµ| = |Mλ|.
Now we show that this standard monomial theory is compatible with the
G orbit closures in X. So let I ⊂ {1, . . . , ℓ} and let XI
.
= ∩i∈ISi be the
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corresponding G orbit closure. Define a monomial x = sn11 · · · s
nℓ
ℓ xπ1 · · · xπu
to be standard on XI if it is standard and ni = 0 for all i ∈ I. Given a
weight λ, denote by Mλ,I the set of monomials standard on XI with shape
λ. Then we have
Corollary 3.4. The set Mλ,I is a k basis for H
0(XI ,Lλ|XI ).
Proof. Let J be the complement of I in {1, . . . , ℓ}. Adapting the proof of
Theorem 8.3 in [4] we have that H0(X,Lλ)→ H
0(XI ,Lλ|XI ) is a surjective
map and that H0(XI ,Lλ|XI ) = ⊕µV
∗
µ where the sum runs over all dominant
weights µ of the form
µ = λ−
∑
j∈J
ajα˜j
with aj ≥ 0. So the set of standard monomials Mλ is a generating set
for H0(XI ,Lλ|XI ). Hence Mλ,I is a generating set since any monomial in
Mλ \ Mλ,I contains some si with i ∈ I and vanishes on XI . Moreover
comparing the dimensions we have that Mλ,I is a basis.
Clearly all the statements of Theorem 3.3 carry on to XI giving a standard
monomial theory for the ring APic(X)(XI) = ⊕λ∈Pic(X)H
0(XI ,Lλ|XI ).
Now we want to give some straightforward applications of the discussion
above. The form of the relations in Theorem 3.3 allows to degenerate the
ring A(X) to the coordinate ring of the product of a multicone over the flag
varieties G/P and the affine space kℓ. Indeed, let K be the ideal of A(X)
generated by s1, . . . , sℓ and consider the Rees algebra
R
.
= · · · ⊕A(X)t2⊕A(X)t⊕A(X)⊕Kt−1⊕K2t−2⊕· · · ⊂ A(X)⊗k[t, t−1].
Let A˜(G/P )
.
= APic(X)(G/P ). Then we have
Theorem 3.5. R is a flat k[t] algebra. The general fiber R/(t − a), with
a ∈ k \ {0}, is isomorphic to A(X) and the special fiber R/(t) is isomorphic
to A˜(G/P ) ⊗ k[s1, . . . , sℓ].
Proof. This is a standard result about Rees algebra taking into account the
relations of Theorem 3.3.
Now we use this degeneration result to prove that A(X) has rational singu-
larities. As we said in the introduction, this is well known and we include
it here since we haven’t found it in the literature. In the proof below we
will use (i) that A(G/P ) has rational singularities (Theorem 2 in [9]) and
(ii) that the property of having rational singularities is stable under flat
deformation (see [6]) and under the quotient by a reductive group (see [1]).
Theorem 3.6. 1) The ring A(X) has rational singularities;
2) for all L ∈ Pic(X) the ring AL
.
= ⊕n∈NH
0(X,L⊗n) has rational singu-
larities.
Proof. By what we said above and Theorem 3.5 in order to prove 1) it is
enough to show that A˜(G/P ) is the fixed point algebra of A(G/P ) under
the action of a reductive group. This will be done in two steps. Let Ψ be
the lattice 〈θ1, . . . , θr〉Q ∩ Λ and observe that
Λ ⊃ Pic(G/P ) = 〈ωα : α ∈ ∆1〉Z ⊃ Ψ ⊃ Pic(X)
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Let T˜ be the maximal torus of G˜ over T and recall that Λ = Hom(T˜ ,k∗).
We define S˜
.
=
⋂r
i=1 ker θi ⊂ T˜ and an action of S˜ on A(G/P ) by
t · f
.
= µ(t)f for all t ∈ S˜ and f ∈ H0(G/P,Lµ).
We have that (A(G/P ))S˜ = AΨ(G/P ). Now we observe that Ψ/Pic(X) is
a finite abelian group. Hence Γ = Hom(Ψ/Pic(X),k∗) is also finite and we
can define an action of Γ on AΨ(G/P ) by
γ · f
.
= γ(µ+Ψ)f for all γ ∈ Γ and f ∈ H0(G/P,Lµ).
Clearly (AΨ(G/P ))
Γ = A˜(G/P ).
For the proof of 2) notice that if L is not trivial and there exists m > 0
such that H0(X,L⊗m) 6= 0 then H0(X,L⊗n) = 0 for all n < 0. So we can
assume AL(X) = ⊕n∈ZH
0(X,L⊗n) and L = Lλ for some λ ∈ Λ. Then the
proof goes on as in 1) using the action of a torus and a finite group to pass
from the algebra A(X), corresponding to Pic(X), to AL(X), corresponding
to Zλ.
As a final remark we consider the characteristic p case. In this paper we
have treated exclusively the characteristic 0 case. In particular in the proof
of the last Theorem we used the result of Boutot on quotients of rational
singularities and the result of Elkike on deformation of rational singularities
which in general hold only in this case and we do not know if Theorem 3.6
holds also in the finite characteristic case.
However it is possible to prove Theorem 3.3 in general with few changes
to our proof. We give now an outline of the modification needed to pass
from the characteristic zero case to the general case.
The characterizations of Ω1 and Pic(X) given in Theorem 2.3 and Corol-
lary 2.4 hold in the same way and with the same proofs in the finite char-
acteristic case. The main changes are in the proof of Lemma 3.2. One
minor change is that we cannot use the decomposition of H0(X,Lλ) =⊕
µ≤σλ,µ∈Λ+
V ∗µ , but we have instead to use the filtration Fλ of Propo-
sition 1.7. A more important change is that V ∗λ is no more irreducible
but we can instead use the surjectivity of the multiplication of sections
H0(G/P,Lλ) ⊗H
0(G/P,Lµ) −→ H
0(G/P,Lλ+µ) proved by Ramanan and
Ramanathan (see [15]). Then the remaining part of the proof of Theorem
3.3 goes on with only minor changes.
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